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Àííîòàöèÿ
Â äàííîé ðàáîòå ñòàâèòñÿ çàäà÷à ìèíèìèçàöèè èíòåãðàëüíîãî ñîïðîòèâëåíèÿ òðåíèÿ
ïðè çàäàííîì îãðàíè÷åíèè íà ìîùíîñòü ñèñòåìû óïðàâëåíèÿ. Â êà÷åñòâå óïðàâëåíèÿ èñ-
ïîëüçóåòñÿ óäåëüíûé ðàñõîä ãàçà, ïîäàâàåìîãî â îñíîâíîé ïîòîê ÷åðåç ïîðèñòûé èëè ïåð-
îðèðîâàííûé ó÷àñòîê îáòåêàåìîé ïîâåðõíîñòè. Äàííóþ çàäà÷ó ìîæíî îòíåñòè ê êëàññó
âàðèàöèîííûõ çàäà÷ òèïà Ìàéåðà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè. Âàæíî îòìå-
òèòü, ÷òî ñîîòâåòñòâóþùèé çàêîí ñîõðàíåíèÿ äëÿ ñîïðÿæåííîé ñèñòåìû àâòîìàòè÷åñêè
ïðåîáðàçóåòñÿ â ïåðâûé èíòåãðàë, ñïðàâåäëèâûé ïðè ëþáîé ñêîðîñòè íà âíåøíåé ãðàíèöå
ïîãðàíè÷íîãî ñëîÿ è ëþáûõ ÷èñëàõ Ïðàíäòëÿ.
Êëþ÷åâûå ñëîâà: ïîãðàíè÷íûé ñëîé, îïòèìàëüíîå óïðàâëåíèå, òåîðåìà Íåòåð, òåî-
ðèÿ ãðóïï Ëè.
Ââåäåíèå
Ïðè îáòåêàíèè òåë ïîòîêîì âÿçêîé æèäêîñòè èëè ãàçà áîëüøîå ïðàêòè÷åñêîå
çíà÷åíèå èìååò ñèëà ëîáîâîãî ñîïðîòèâëåíèÿ, êîòîðàÿ îïðåäåëÿåòñÿ äëÿ õîðîøî
îáòåêàåìûõ òåë ãëàâíûì îáðàçîì ñóììàðíîé ñèëîé òðåíèÿ. Îäíèì èç ñïîñîáîâ
óìåíüøåíèÿ âåëè÷èíû ýòîé ñèëû ÿâëÿåòñÿ óïðàâëåíèå ëîêàëüíûìè ïðîäîëüíûìè
ãðàäèåíòàìè ñêîðîñòè íà îáòåêàåìîé ïîâåðõíîñòè ïóòåì âäóâà ãàçà â ïîãðàíè÷-
íûé ñëîé. Ïîñêîëüêó èñòî÷íèêè ýíåðãèè (ñóììàðíûé ðàñõîä, ìîùíîñòü ñèñòåìû
óïðàâëåíèÿ) îãðàíè÷åíû, òî âîçíèêàåò ïðîáëåìà îïòèìàëüíîãî óïðàâëåíèÿ ïîãðà-
íè÷íûì ñëîåì, êîòîðàÿ îáñóæäàëàñü âïåðâûå â ðàáîòå [1℄. Â ðàáîòå [2℄ àâòîð, èñ-
ïîëüçóÿ òåîðèþ èíâàðèàíòíûõ âàðèàöèîííûõ çàäà÷ Íåòåð è àïïàðàò òåîðèè ãðóïï
Ëè, ïîëó÷èë ïåðâûé èíòåãðàë äëÿ ñèñòåìû óðàâíåíèé îòíîñèòåëüíî ìíîæèòåëåé
Ëàãðàíæà [2℄. Ñëåäóåò çàìåòèòü, ÷òî âàðèàöèîííàÿ çàäà÷à ðàññìàòðèâàëàñü â ýòèõ
ðàáîòàõ â èñõîäíûõ èçè÷åñêèõ ïåðåìåííûõ. Íî â ñëó÷àå èñïîëüçîâàíèÿ êîíå÷íî-
ðàçíîñòíûõ ñõåì ãîðàçäî óäîáíåå ðàññìàòðèâàòü óðàâíåíèÿ ïîãðàíè÷íîãî ñëîÿ â
ïåðåìåííûõ Ôîêíåðà Ñêåíà [3℄.
Â äàííîé ðàáîòå ñòàâèòñÿ çàäà÷à ìèíèìèçàöèè èíòåãðàëüíîãî ñîïðîòèâëåíèÿ
òðåíèÿ ïðè çàäàííîì îãðàíè÷åíèè íà ìîùíîñòü ñèñòåìû óïðàâëåíèÿ. Ýòà çàäà-
÷à ïðèîáðåòàåò îñîáîå çíà÷åíèå, èìåííî ñåé÷àñ, êîãäà âåäóùèå àýðîêîñìè÷åñêèå
èðìû ÑØÀ è ßïîíèè îáúÿâèëè îá îáúåäèíåíèè óñèëèé ñ öåëüþ ñîçäàíèÿ íîâîãî
ñâåðõçâóêîâîãî ïàññàæèðñêîãî ñàìîëåòà, ïðåâîñõîäÿùåãî ïî ñâîèì àýðîäèíàìè÷å-
ñêèì ïîêàçàòåëÿì ñâîèõ ïðåäøåñòâåííèêîâ: ñâåðõçâóêîâûõ ñàìîëåòîâ ¾Êîíêîðä¿
(Àíãëèÿ Ôðàíöèÿ) è ÒÓ-144 (ÑÑÑ). Â êà÷åñòâå óïðàâëåíèÿ, èñïîëüçóåòñÿ óäåëü-
íûé ðàñõîä ãàçà, ïîäàâàåìîãî â îñíîâíîé ïîòîê ÷åðåç ïîðèñòûé èëè ïåðîðèðî-
âàííûé ó÷àñòîê îáòåêàåìîé ïîâåðõíîñòè. Äàííóþ çàäà÷ó ìîæíî îòíåñòè ê êëàññó
âàðèàöèîííûõ çàäà÷ òèïà Ìàéåðà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè [4, 5℄.
Âàæíî îòìåòèòü, ÷òî ñîîòâåòñòâóþùèé çàêîí ñîõðàíåíèÿ äëÿ ñîïðÿæåííîé ñè-
ñòåìû àâòîìàòè÷åñêè ïðåîáðàçóåòñÿ â ïåðâûé èíòåãðàë, ñïðàâåäëèâûé ïðè ëþáîé
ñêîðîñòè íà âíåøíåé ãðàíèöå ïîãðàíè÷íîãî ñëîÿ è ëþáûõ ÷èñëàõ Ïðàíäòëÿ.
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1. Ïîñòàíîâêà çàäà÷è
Óðàâíåíèå ïîãðàíè÷íîãî ñëîÿ â ïåðåìåííûõ Ôîêíåðà Ñêåíà äëÿ ïëîñêîãî ëà-
ìèíàðíîãî ïîòîêà èìååò âèä [3℄:
∂3f
∂η3
+ a(x)f
∂2f
∂η2
+ b(x)
(
1−
(
∂f
∂η
)2)
= x
(
∂f
∂η
∂2f
∂x∂η
−
∂2f
∂η2
∂f
∂x
)
. (1)
Çäåñü η = y
(
Ue
νx
)1/2
; ψ = (Ueνx)
1/2
· f (x, η)  óíêöèÿ òîêà; a(x) =
U ′e(x)x + Ue
2Ue
;
b(x) =
x
Ue
U ′e(x) ; U =
∂ψ
∂y
è V = −
∂ψ
∂x
 ïðîåêöèè âåêòîðà ñêîðîñòè íà îñè êîîðäè-
íàò; Ue(x)  ñêîðîñòü íà âíåøíåé ãðàíèöå ïîãðàíè÷íîãî ñëîÿ; ν  êèíåìàòè÷åñêèé
êîýèöèåíò âÿçêîñòè.
ðàíè÷íûå óñëîâèÿ çàäàäèì â âèäå
∂f
∂η
= 0, f = −
1
(Ueνx)
1
2
x∫
0
Vw dx, (η = 0);
∂f
∂η
→ 1, (η →∞). (2)
Ïîäñòðî÷íûé èíäåêñ w ñîîòâåòñòâóåò ïàðàìåòðàì ãàçà íà ñòåíêå.
Ââåäåì îáîçíà÷åíèÿ
∂f
∂η
= R,
∂R
∂η
= W, (3)
òîãäà óðàâíåíèå (1) ïåðåïèøåòñÿ â ñëåäóþùåì âèäå:
∂W
∂η
+ a(x)fW + b(x)
(
1−R2
)
− x
(
R
∂R
∂x
−W
∂f
∂x
)
= 0,
∂f
∂η
−R = 0,
∂R
∂η
−W = 0.
(4)
ðàíè÷íûå óñëîâèÿ èìåþò çäåñü ñëåäóþùóþ îðìó:
R = 0, f = −
1
(Ueνx)
1
2
x∫
0
Vw dx (η = 0);
∂f
∂η
→ 1 (η →∞) (5)
Ñîðìóëèðóåì òåïåðü ñëåäóþùóþ âàðèàöèîííóþ çàäà÷ó: òðåáóåòñÿ íàéòè ñðå-
äè íåïðåðûâíûõ óïðàâëåíèé Vw(x) (ñêîðîñòü âäóâà ãàçà â îñíîâíîé ïîòîê) òàêîå
óïðàâëåíèå, ïðè êîòîðîì äîñòèãàåòñÿ ìèíèìàëüíîå çíà÷åíèå ñîïðîòèâëåíèÿ òðå-
íèþ X , èñïûòóåìîãî ñèììåòðè÷íûì ïðîèëåì, îáòåêàåìûì ïîòîêîì íåñæèìàåìîé
æèäêîñòè ïîä íóëåâûì óãëîì àòàêè:
X =
ℓ∫
0
(
µ
∂u
∂y
)∣∣∣∣∣
y=0
dx =
ℓ∫
0
C(x)W (x, 0) dx, (6)
ãäå C(x) = µUe
√
Ue
νx
, ℓ  äëèíà ó÷àñòêà âäóâà ïðè çàäàííîì îãðàíè÷åíèè íà ìîù-
íîñòü ñèñòåìû óïðàâëåíèÿ
N =
l∫
0
kV 2w(x) dx. (7)
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Çäåñü k  ýòî ïàðàìåòð, êîòîðûé çàâèñèò îò òåïëîèçè÷åñêèõ ñâîéñòâ ìàòåðèàëà
îáîëî÷êè; λ  êîýèöèåíò òåïëîïðîâîäíîñòè ãàçà èëè æèäêîñòè [6℄.
Èñïîëüçóÿ ìåòîä ìíîæèòåëåé Ëàãðàíæà, ïîëó÷àåì ñëåäóþùèå óðàâíåíèÿ Ýé-
ëåðà Îñòðîãðàäñêîãî [1, 5℄:
λ1Wa−Dx (λ1xW )−Dη (λ3) = 0,
λ1
(
−2bR− x
∂R
∂x
)
− λ3 −Dx (−λ1xR)−Dη (λ4) = 0, (8)
λ1
(
af + x
∂f
∂x
)
− λ4 −Dη(λ1) = 0.
Óñëîâèÿ òðàíñâåðñàëüíîñòè áóäóò ñëåäóþùèå
λ1 = 0 (η = 0) ; λ1 → 0, λ3 → 0 (η →∞); λ1 = 0 (x = l, η > 0). (9)
Îïòèìàëüíîå óïðàâëåíèå ÿâëÿåòñÿ ðåøåíèåì äèåðåíöèàëüíîãî óðàâíåíèÿ
V ′
0
− bV0 + λ3(x, 0) = 0, ãäå V0 = 2k α a Vw,
a = − (νxUe)
1/2
, b = −
1
2
(νxUe)
−1/2
(Ue + xU
′
e)
(10)
ñ íà÷àëüíûì óñëîâèåì V0(l) = 0. Çäåñü α  ïîñòîÿííûé ìíîæèòåëü Ëàãðàíæà,
îïðåäåëÿåìûé èç èçîïåðèìåòðè÷åñêîãî óñëîâèÿ (7).
Â ñèñòåìå óðàâíåíèé (8) Dx è Dη  îïåðàòîðû ïîëíîãî äèåðåíöèðîâàíèÿ
ñîîòâåòñòâåííî ïî ïåðåìåííûì x è η :
Dx =
∂
∂x
+
∂f
∂x
·
∂
∂f
+
∂R
∂x
·
∂
∂R
+
∂W
∂x
·
∂
∂W
+
∂λ1
∂x
·
∂
∂λ1
+ · · · +
∂λ5
∂x
·
∂
∂λ5
;
Dη =
∂
∂η
+
∂f
∂η
·
∂
∂f
+
∂R
∂η
·
∂
∂R
+
∂W
∂η
·
∂
∂W
+
∂λ1
∂η
·
∂
∂λ1
+ · · · +
∂λ5
∂η
·
∂
∂λ5
.
2. Ïåðâûé èíòåãðàë äëÿ ñîïðÿæåííîé ñèñòåìû óðàâíåíèé
Äëÿ ïîñòàâëåííîé â äàííîé ðàáîòå âàðèàöèîííîé çàäà÷è ñïðàâåäëèâî ñëåäóþ-
ùåå óòâåðæäåíèå
Òåîðåìà 1. Äëÿ ëþáîé íåïðåðûâíî-äèåðåíöèðóåìîé óíêöèè Ue(x) è ëþáî-
ãî ÷èñëà Ïðàíäòëÿ Pr óðàâíåíèÿ Ýéëåðà ËàãðàíæàÎñòðîãðàäñêîãî (8) äîïóñ-
êàþò ïåðâûé èíòåãðàë
λ3
∂f
∂η
+ λ4
∂R
∂η
+ λ1
∂W
∂η
= g (x) , (11)
ãäå g(x)  ïðîèçâîëüíàÿ óíêöèÿ èíòåãðèðîâàíèÿ, îïðåäåëÿåìàÿ ñ ó÷åòîì êðàåâûõ
óñëîâèé (5) è (9).
Äîêàçàòåëüñòâî. Ñîãëàñíî [7, 8℄, åñëè âàðèàöèîííûé èíòåãðàë
I =
∫∫
S
L
(
x, η, uk (x, η) ,
∂uk
∂x
,
∂uk
∂η
)
dx dη, k = 1, 2, . . . , n,
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èíâàðèàíòåí ïî îòíîøåíèþ ê îäíîïàðàìåòðè÷åñêîé ãðóïïå Ëè  èíèíèòåçèìàëü-
íûì îïåðàòîðîì
Y = ξx
∂
∂x
+ ξη
∂
∂η
+ ξku
∂
∂uk
,
òî óðàâíåíèÿ Ýéëåðà Îñòðîãðàäñêîãî
Lu −Dx
(
∂L
∂ukx
)
−Dη
(
∂L
∂ukη
)
= 0
äîïóñêàþò çàêîí ñîõðàíåíèÿ
Dx
[(
ξku − u
k
x · ξx − u
k
η · ξη
) ∂L
∂ukx
+ Lξx
]
+
+Dη
[(
ξku − u
k
x · ξx − u
k
η · ξη
) ∂L
∂ukη
+ Lξη
]
= 0. (12)
Â íàøåé çàäà÷å èìååì
L = λ1
[
∂W
∂η
+ a (x) · fW + b (x)
(
1−R2
)
− x
(
R
∂R
∂x
−W
∂f
∂x
)]
+
+ λ3
[
∂f
∂η
−R
]
+ λ4
[
∂R
∂η
−W
]
. (13)
Íåòðóäíî âèäåòü, ÷òî óíêöèîíàë I ÿâëÿåòñÿ èíâàðèàíòíûì ïî îòíîøåíèþ ê
ãðóïïå G1 ñ îïåðàòîðîì
Y =
∂
∂η
ïðè ëþáûõ çàäàííûõ Pr è Ue(x), ïîýòîìó äèâåðãåíòíàÿ îðìà óðàâíåíèÿ (12)
ïðèìåò ñëåäóþùèé âèä
Dx
[
−
∂f
∂η
(λ1xW )−
∂R
∂η
(−λ1xR)
]
+
+Dη
[
−
∂f
∂η
(λ3)−
∂R
∂η
λ4 −
∂W
∂η
(λ1)
]
= 0. (14)
Íåîæèäàííûì çäåñü ÿâëÿåòñÿ òî, ÷òî âûðàæåíèå â ïåðâûõ êâàäðàòíûõ ñêîá-
êàõ â ñèëó (3) òîæäåñòâåííî îáðàùàåòñÿ â íóëü, èìåííî ïî ýòîé ïðè÷èíå ïåðâûé
èíòåãðàë (11) ñëåäóåò èç óðàâíåíèÿ (14).
Summary
K.G. Garayev. Existene of the First Integral in a Problem of Optimally-Controlled BL
Theory.
The paper states the problem of minimizing the integral drag of frition in the presene of
restritions preset on the ontrol system power. As the ontrol, a spei ow rate of liquid is
used here, injeted into the basi ow through the porous or perforated setion of the surfae
streamlined. This problem an be related to the lass of Meyer's variation problems with
two independent variables. It is signiant here that the orresponding onservation law for
onjugate system of equations transforms automatially into the rst integral to be valid at
any veloity on the outer BL border and at any Prandtl numbers hosen.
Key words: boundary layer, optimal ontrol, Noether's theory, Lie group theory.
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